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Abstract— Reduced-order models (ROMs) provide lower di-
mensional representations of complex systems, capturing their
salient features while simplifying control design. Building on
previous work, this paper presents an overarching framework
for the integration of ROMs and control barrier functions,
enabling the use of simplified models to construct safety-critical
controllers while providing safety guarantees for complex full-
order models. To achieve this, we formalize the connection
between full and ROMs by defining projection mappings that
relate the states and inputs of these models and leverage
simulation functions to establish conditions under which safety
guarantees may be transferred from a ROM to its corre-
sponding full-order model. The efficacy of our framework is
illustrated through simulation results on a drone and hardware
demonstrations on ARCHER, a 3D hopping robot.

I. INTRODUCTION

Control barrier functions (CBFs) [1] have proven suc-
cessful in designing safety-critical controllers for nonlinear
systems. Despite this, developing general procedures for
constructing CBFs for high-dimensional complex systems
has remained elusive [2]. More recently, the authors have
attempted to leverage reduced-order models (ROMs) to
construct CBFs for simple models that may be refined to
ensure the safety of more complex, full-order systems [2]–
[4]. This paradigm may be traced back to [3] wherein simple
kinematic models were used to generate safe velocity com-
mands to be tracked by more complicated robotic systems.
Such ideas were expanded on in [4] to address ROMs with
bounded inputs and in [2] where this ROM paradigm is
related to nonlinear control techniques such as backstepping
[5]. In this paper, we unify and generalize previous develop-
ments [2]–[4] to provide a formal framework for leveraging
ROMs in the context of safety-critical control with CBFs.

The paradigm of safety-critical control with CBFs and
ROMs is closely related to planner-tracker frameworks in
which reduced-order planning models are used to generate
trajectories that are tracked by full-order tracking models.
The majority of planner-tracker methods focus on the con-
struction of a tracking controller and associated tracking error
bound using methods such as Hamilton-Jacobi reachability
[6], sum of squares programming [7], model predictive
control [8], or contraction theory [9]. Within the context of
planner-tracker frameworks, we address a problem converse
to those above: rather than designing a tracking controller
for a given planning model, we focus on designing safe
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Fig. 1. Overview: We project high-dimensional control systems onto
reduced-order spaces, design safety-critical controllers for a reduced-
order representation of the original system, and then relate the in-
puts of this reduced-order system back to the full-order system. Our
theoretical developments are illustrated through their application to
ARCHER, a 3D hopping robot, a video of which is available at
https://youtu.be/zTfrZvpF7aE.

reduced-order reference commands for a full-order system
with a fixed tracking controller. This is motivated by the
observation that many systems of interest are equipped with
high-performance, but “black-box,” tracking controllers that
are not easily modified. The canonical example is robotic
systems, where one can often send “joystick” commands,
without knowledge of the underlying tracking controller.

The perspective taken herein also has roots in classical
works from the hybrid systems community on abstraction-
based control [10], [11]. In particular, our ROM paradigm
is inspired by the notion of ϕ-related control systems [12],
[13] and we leverage approximate simulation relations [14]
to formalize the connection between full and reduced-order
models. While these works offer a powerful framework to
formally reason about system abstractions, their application
has often been limited to simple, low-dimensional systems.
Here, we expand the applicability of such ideas to more
complex systems by illustrating how concepts such as sim-
ulation relations integrate with CBFs, leading to practical
constructions of safety-critical controllers.



In this paper, we present a unified framework for ROMs in
the context of safety-critical control with CBFs, generalizing
the ideas in [2]–[4]. Specifically, we introduce projection
mappings that relate the states and inputs of full-order and
reduced-order models, which allow for transferring proper-
ties of a ROM back to its corresponding full-order model.
A key assumption enabling our approach is the existence of
a simulation function and corresponding interface [14] that
refines reduced-order inputs to those for the full-order model.
At a high level, this assumption formalizes the capability
of a full-order model to track commands generated by a
suitable ROM. While this may seem restrictive, we argue
that for many practical systems, it is not: drones and other
unmanned aerial vehicles often come equipped with well-
designed tracking controllers [15], [16], whereas state-of-the-
art methods in robotic locomotion rely on converting velocity
references into joint torques using model predictive control
[17] or reinforcement learning [18]. Rather than redesigning
the control architecture of such systems to incorporate safety
considerations, the perspective taken herein is to leverage
these existing architectures by passing them suitably de-
signed reduced-order inputs, which, as we will demonstrate
experimentally, leads to practical safety guarantees.

Our approach generalizes previous results on CBFs and
ROMs [2]–[4] as follows. We consider a larger class of
FOMs and ROMs than those in [2], [3], which focused on
fully actuated robotic systems and strict-feedback systems,
respectively. We also provide a Lyapunov-like characteriza-
tion of tracking controllers via simulation functions [14],
which, compared to [4], yields time-invariant safe sets rather
than time-varying safe sets and relaxes other conditions such
as only using CBFs with bounded gradients. Furthermore, we
showcase the efficacy of our framework on ARCHER [19]–
[21], a highly underactuated 3D hopping robot, advancing the
practical applications of ROMs within a CBF framework.

II. PRELIMINARIES AND PROBLEM FORMULATION

Notation: A continuous function α : R≥0 → R≥0 is said to
be a class K function (α ∈ K) if α(0) = 0 and α is strictly
increasing. For a set S we use ∂S to denote its boundary. A
real number a ∈ R is said to be a regular value of a scalar
function h : Rn → R if h(x) = a implies ∇h(x) ̸= 0.

Safety: Consider a system with state x ∈ Rn and dynamics:

ẋ = f(x), (1)

where f : Rn → Rn is a locally Lipschitz vector field.
Under this Lipschitz assumption, for each initial condition
x0 ∈ Rn the dynamics (1) generate a unique continuously
differentiable trajectory x : I(x0) → Rn satisfying (1)
on some maximal interval of existence I(x0) ⊆ R≥0. A
set S ⊂ Rn is said to be forward invariant for (1) if
for each initial condition x0 ∈ S, the resulting trajectory
t 7→ x(t) satisfies x(t) ∈ S for all t ∈ I(x0). The following
result, known as Nagumo’s Theorem, provides necessary and
sufficient conditions for set invariance.

Theorem 1. A closed set S ⊂ Rn is forward invariant for
(1) if and only if f(x) ∈ TS(x) for all x ∈ ∂S, where TS(x)
denotes the contingent cone1 to S at x.

Informally, Nagumo’s Theorem states that a set is forward
invariant if and only if, for each x ∈ ∂S, the vector field
characterizing the dynamics points into S. Further details
of Nagumo’s Theorem can be found in [22, Ch. 4] and
[23, Ch. 4]. In this paper, we associate the concept of set
invariance with that of safety: a system is safe if it remains
in a desirable subset of the state space. In what follows,
our main objective is to design safety-critical controllers for
complex high-dimensional systems using relatively simple,
or, reduced-order, models within the framework of CBFs [2].

III. REDUCED-ORDER MODELS

Reduced-order models (ROMs) provide lower-dimensional
representations of systems, capturing the salient features of
more complex models while simplifying controller design.
To formalize this idea, consider a control system:

ẋ = F(x,u), (2)

with state x ∈ RN , input u ∈ RM and locally Lipschitz
dynamics F : RN × RM → RN , which we refer to
as the full-order model (FOM). To obtain a reduced-order
representation of (2), we define a differentiable state pro-
jection map π : RN → Rn and a control projection map
ψ : RN → Rm, which map the full-order state x ∈ RN to
a reduced-order state y ∈ Rn and input v ∈ Rm as:

y := π(x), v := ψ(x). (3)

This state projection map π allows for defining the dynamics
of the FOM (2) projected onto the reduced-order space:

ẏ =
∂π

∂x
(x)F(x,u). (4)

While (4) provides a reduced-order representation of (2),
it depends on the full-order states and inputs, complicating
the design of a reduced-order controller. We resolve this by
defining idealized reduced-order dynamics, characterized by
locally Lipschitz functions f : Rn → Rn and g : Rn →
Rn×m that are used to rewrite (4) as:

ẏ =f(y) + g(y)v + d, (5)

where d := ∂π
∂x (x)F(x,u) − f(y) − g(y)v captures the

discrepancy between (4) and the idealized reduced-order
dynamics. Ideally, one would choose π and ψ such that:

∂π

∂x
(x)F(x,u) = f(π(x)) + g(π(x))ψ(x),

for all (x,u) ∈ RN × RM so that d ≡ 0, although we will
not impose this as a strict requirement. Hereafter, we refer to
(5) as a ROM of (2). To make the preceding developments
more concrete, we introduce the following running example.

Example 1. Consider a full-order model of a quadrotor from
[24] with state x = (p,q, ṗ) ∈ R3 × S3 × R3 = X , where

1See [22, Ch. 4] for a precise definition of the contingent cone.



p = (x, y, z) ∈ R3 is the position, q ∈ S3 is the orientation
represented as a unit quaternion, and ṗ = (ẋ, ẏ, ż) ∈ R3 is
the velocity. The dynamics of the quadrotor are given by:ṗq̇

p̈


︸︷︷︸

ẋ

=

 ṗ
ω

−ezg +
1
mR(q)ezτ


︸ ︷︷ ︸

F(x,u)

, (6)

where the full-order input u = (ω, τ) ∈ s3 × R is the
angular velocity ω and thrust τ . Our objective is to control
the quadrotor as if it were a two-dimensional single integrator
evolving in the plane. To this end, we define y = π(x) :=
(x, y) ∈ R2, v = ψ(x) = (ẋ, ẏ) ∈ R2 noting the dynamics
of the FOM projected onto the reduced-order space are:[

ẋ
ẏ

]
︸︷︷︸
ẏ

=

[
0
0

]
︸︷︷︸
f(y)

+

[
1 0
0 1

]
︸ ︷︷ ︸

g(y)

[
ẋ
ẏ

]
︸︷︷︸
v

,

which matches the idealized single integrator dynamics (i.e.,
these projections produce a ROM (5) with d ≡ 0).

Our main objective in this paper is to design safety-critical
controllers κ : Rn → Rm for the ROM (5), which are
then refined to ensure safety of the FOM (2). To relate the
properties of a reduced-order controller κ to (2), we define
the reduced-order surface:

M := {x ∈ RN : ψ(x)− κ(π(x)) = 0}. (7)

Constraining (2) to M along a given trajectory t 7→ x(t)
ensures that ψ(x(t)) = κ(π(x(t))) for all t ≥ 0 so
that properties of the reduced-order controller κ may be
transferred back to states of the FOM. While we will not
impose the rather strict assumption that M be rendered
forward invariant, we will assume that it is possible to drive
the FOM to a neighborhood of M, which is captured by
the notion of a simulation function [14], slightly modified to
suite the context of this paper.

Definition 1. A continuously differentiable function V :
D ⊆ RN → R≥0 is said to be a simulation function from the
ROM (5) to the FOM (2) with an associated locally Lipschitz
interface k : RN → RM if there exists ρ > 0 such that:

V (x) ≥ρ∥ψ(x)− κ(π(x))∥2, (8)

∇V (x) · F(x,k(x)) ≤ −λV (x) + ι, (9)

for all x ∈ D, where λ > 0 and ι ≥ 0 satisfy β > ι/λ with:

Ωβ := {x ∈ D : V (x) ≤ β},
the largest sublevel set of V contained within D.

Lemma 1. Let V : D → R≥0 be a simulation function from
(5) to (2) with an associated interface k : RN → RM . Then,
for any initial condition x0 ∈ Ωβ , trajectories t 7→ x(t) of
closed-loop full-order system ẋ = F(x,k(x)) satisfy:

∥ψ(x(t))−κ(π(x(t)))∥2 ≤ V (x0)

ρ
e−λt+

ι

λρ
, ∀t ∈ I(x0).

(10)

The proof of Lemma 1 is a direct consequence of the
Comparison Lemma [25, Lemma 3.4]. The following result
will be useful when discussing set invariance properties.

Lemma 2. If V : RN → R≥0 is a simulation function from
(5) to (2) with interface k, then β is a regular value of V .

Proof. For the sake of contradiction assume β is not a regular
value of V . Then, when V (x) = β we have ∇V (x) = 0 and
∇V (x) · F(x,k(x)) = 0, which, by (9), implies that:

0 ≤ −λV (x) + ι = −λβ + ι < −λ
ι

λ
+ ι = 0,

where the final inequality follows from the fact that β >
ι/λ. As we cannot have 0 < 0, the above contradicts the
initial claim that β is not a regular value of V . Hence, by
contradiction, β must be a regular value of V .

The existence of a simulation function and associated
interface allows for refining inputs for a ROM to those for
the FOM. When implemented on the FOM, this interface
ensures that states within the control projection map ψ(x)
remain close to the inputs generated by the ROM controller
κ(π(x)), allowing to relate properties of the reduced-order
controller κ to the full-order state x.

IV. SAFETY-CRITICAL CONTROL WITH ROMS

We now discuss how the preceding framework may be
used to design safety-critical controllers for complex systems
based on their corresponding ROMs. To this end, consider a
state constraint set for a FOM:

C :={x ∈ RN : h(π(x)) ≥ 0}, (11)

where h : Rn → R is continuously differentiable. While C
exists in the full-order space, it only depends on the states
related to the ROM. The derivative of h along the full-order
dynamics is given by:

ḣ =∇h(π(x)) · ∂π
∂x

(x)F(x,u)

=Lfh(y) + Lgh(y)v +∇h(y) · d.
(12)

Similar to backstepping [5], we view v = ψ(x), the input
to the ROM, as a “virtual” control input and design a
controller κ : Rn → Rm for the ROM that would enforce
forward invariance of C, provided its dynamics were directly
controllable. Since the inputs to the ROM are not the same
as those of the FOM, we then relate the inputs of the
ROM v = κ(y) to those of the FOM (2) via a simulation
function V and interface k. To design the ROM controller,
we leverage CBFs: suppose there exists a locally Lipschitz
controller κ : Rn → Rm satisfying:

Lfh(y) + Lgh(y)κ(y) >− αh(y) +
1

ε
∥Lgh(y)∥2

+
1

σ
∥∇h(y)∥2

(13)

for all y ∈ Rn, where α, ε, σ > 0. The above condition ef-
fectively requires h to be an input-to-state safe CBF [26] for
the ROM (5), where the last two terms in (13) are included to
compensate for transient tracking errors ∥ψ(x)− κ(π(x))∥



of the interface k from Def. 1 and to compensate for d from
(5). We now combine h with a simulation function V to form
the barrier function candidate for the FOM:

B(x) = h(π(x))− 1

µ
V (x), (14)

where µ ∈ R>0, which is used to define a candidate safe set:

S :={x ∈ RN : B(x) ≥ 0}, (15)

for the FOM (2). Since V (x) ≥ 0, we have B(x) ≥ 0 =⇒
h(π(x)) ≥ 0 so that rendering S forward invariant leads to
satisfaction of the state constraint in (11). Before proceeding,
we note that with u = k(x), d may be written as:

d(x) =
∂π

∂x
(x)F(x,k(x))− f(π(x))− g(π(x))ψ(x).

(16)
The following theorem constitutes the main result of this
paper and illustrates that when there exists a simulation
function from the ROM to the FOM, then one may refine
reduced-order controllers to ensure safety of the FOM.

Theorem 2. Consider the FOM (2), the ROM (5), the set
C ⊂ Rn as in (11), and suppose there exists a simulation
function V : D → R≥0 from (5) to (2) with an associated
locally Lipschitz interface k : RN → RM . Define:

Sδ :=

{
x ∈ RN : B(x) +

1

α

(
σ

4
δ2 +

ι

µ

)
≥ 0

}
, (17)

where B is defined as in (14) and δ := supx∈Ωβ
d(x) with

d as in (16). Provided that:

λ ≥ α+
εµ

4ρ
, (18)

then W := Sδ ∩Ωβ is forward invariant for the closed-loop
full-order system (2) with u = k(x).

Note that if d ≡ 0 and ι = 0 then S ∩ Ωβ is forward
invariant and that for a fixed interface k satisfying (9), it is
always possible to satisfy (18) by decreasing both α and ε.
Theorem 2 states that the intersection of Ωβ and an inflated
safe set Sδ ⊇ S is rendered forward invariant, where the
inflation is proportional to δ, the bound on d from (16),
and ι, which characterizes the bound on ∥ψ(x)−κ(π(x))∥
in Lemma 1. The size of this inflation can be shrunk
by decreasing σ, which is decoupled from (18), and by
increasing α and µ, which are coupled to (18). Importantly,
while there may exist points along a given trajectory such
that B(x(t)) ≤ 0, this does not necessarily imply violation
of the state constraint from (11) since h(π(x)) ≥ B(x).

Proof. Define:

Bδ(x) := B(x) +
1

α

(
σ

4
δ2 +

ι

µ

)
, (19)

noting that Sδ from (15) is the zero superlevel set of Bδ .
Computing the derivative of Bδ along the closed-loop full-

order dynamics yields:

Ḃδ(x) =Lfh(y) + Lgh(y)v +∇h(y) · d− 1

µ
V̇ (x)

=Lfh(y) + Lgh(y)κ(y) +∇h(y) · d

+ Lgh(y)(v − κ(y))− 1

µ
∇V (x) · F(x,k(x)),

where the first equality follows from (14) and (12) and the
second from adding zero. For notational brevity, y and v
are viewed as functions of x via y = π(x) and v = ψ(x).
Lower bounding the above on W using (13) and (9) yields:

Ḃδ(x) >− αh(y) +
1

ε
∥Lgh(y)∥2 +

1

σ
∥∇h(y)∥2

− ∥∇h(y)∥∥d∥ − ∥Lgh(y)∥∥v − κ(y)∥

+
λ

µ
V (x)− ι

µ
.

By completing squares and lower bounding, we obtain:

Ḃδ(x) >− αh(y)− ε

4
∥v − κ(y)∥2 − σ

4
δ2 +

λ

µ
V (x)− ι

µ

=− αBδ(x) +
1

µ
(λ− α)V (x)− ε

4
∥v − κ(y)∥2,

where the equality follows from (14) and (19). Using (8):

Ḃδ(x) > −αBδ(x) +
1

µ

(
λ− α− εµ

4ρ

)
V (x).

Hence, provided (18) holds, we have:

Ḃδ(x) > −αBδ(x), ∀x ∈ W. (20)

Now define Bβ(x) := β − V (x). This function satisfies:

Ḃβ(x) =−∇V (x) · F(x,k(x))
≥λV (x)− ι = −λBβ(x) + λβ − ι > −λBβ(x),

∀x ∈ W , where the first inequality follows from (9) and the
second from β > ι/λ. With Bδ and Bβ we have that:

W = {x ∈ RN : Bδ(x) ≥ 0 ∧Bβ(x) ≥ 0}.
Since (20) holds with strict inequality, we have ∇Bδ(x) ̸= 0
whenever Bδ(x) = 0 implying that zero is a regular value of
Bδ (this can be shown using a similar argument to Lemma 2).
Furthermore, since V is a simulation function β is a regular
value of V by Lemma 2, which implies that 0 is a regular
value of Bβ . Let Act(x) := {i ∈ {β, δ} : Bi(x) = 0}
denote the set of active constraints of W and note that since
zero is a regular value of Bβ and Bδ , we have [22, Ch. 4]:

TW(x) = {z ∈ RN : ∇Bi(x) · z ≥ 0, ∀i ∈ Act(x)}.
When Bi(x) = 0 we have:

Ḃi(x) = ∇Bi(x) · F(x,k(x)) > 0,

∀i ∈ Act(x). Hence, for each x ∈ ∂W we have
F(x,k(x)) ∈ TW(x), which, by Theorem 1, implies
the forward invariance of W , as desired.

Remark 1. Constructing a ROM, simulation function, and
corresponding interface is a challenging problem in gen-
eral; however, various methods exist for certain classes of



systems. For linear FOMs, [12], [14] provide systematic
methods for constructing linear ROMs and corresponding
simulation functions with linear interfaces [14]. When the
FOM (2) is control affine, [13] provides a method to con-
struct control affine ROMs, and methods based on sum-
of-squares programming [7], backstepping [27], feedback
linearization [28], and differential flatness [29] may be used
to construct simulation functions and corresponding inter-
faces. As demonstrated in the following section, the recently
developed notion of zero dynamics policies [30] may also
be leveraged to construct simulation functions and interfaces
for highly underactuated systems. Any of these methods
may be integrated with our ROM framework, although we
emphasize that explicit expressions for both V and k are not
necessary for implementation of our approach (bounds on V
are required for verification of the conditions in Theorem
2). When such conditions cannot be easily verified (e.g.,
when V is unknown and k is a black-box component in
an existing control architecture), the conditions of Theorem
2 may still be satisfied by initializing α and ε very small
to ensure safety and then increasing such parameters until
adequate performance is achieved.

Example 2. Continuing Example 1, suppose our objective is
to drive the quadrotor to a goal while avoiding a cylindrical
obstacle centered at (x, y) = (xo, yo) ∈ R2 with a radius
of ro ∈ R>0. This requirement leads to the state constraint
h(π(x)) := ∥π(x) − (xo, yo)∥2 − r2o for the FOM, which
defines a state constraint set C as in (11). This state constraint
is a valid input-to-state safe CBF [26] for the single integrator
ROM, which may be used to synthesize a controller κ
satisfying (13) using a quadratic program [1] or a smooth
safety filter [31]. This reduced-order controller is then refined
to produce inputs for the FOM using an off-the-shelf tracking
controller (e.g., that in [15]) as an interface between the
ROM and FOM. Example trajectories of the quadrotor using
this approach are illustrated in Fig. 2, where the left plot
displays the position of the quadrotor, which attempts to track
velocities from the ROM for different choices of α, and the
right plot illustrates the difference between the reduced-order
controller and the velocity of the quadrotor. As indicated by
condition (18) of Theorem 2, picking α too large may lead to
safety violations (blue curve), whereas decreasing α allows
such conditions to be satisfied for a fixed tracking controller
and ensures safety (red and green curves).

V. HARDWARE DEMONSTRATIONS

We now illustrate our developments through their applica-
tion2 to safety-critical control of ARCHER, a 3D hopping
robot [19]–[21]. The state of ARCHER is described by
x = (p,q, ṗ,ω) ∈ R3×S3×R3×s3 =: X , where p denotes
the position of the robot, q a unit quaternion representing
its orientation, and ω its angular rates. Overall, ARCHER
is a high-dimensional, hybrid, underactuated system, which
prohibits the use of traditional CBF synthesis methods. To

2https://youtu.be/zTfrZvpF7aE
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Fig. 2. (Left) Evolution of the quadrotor’s position for different choices
of α in (13). (Right) Difference between quadrotor’s planar velocity v =
ψ(x) and desired velocity κ(π(x)) generated by a single integrator. The
velocity error remains bounded per Lemma 1, although the error is too large
when α = 2, leading to safety violations. For each of these simulations we
took ε = 20 and omitted the σ term since ∇h = Lgh. Varying ε had
minimal effect on trajectories.

overcome this, we leverage a ROM paradigm by design-
ing a safety-critical controller for an abstracted version of
ARCHER, the inputs of which are then refined for the full-
order system using an existing high-performance interface
[21], [30]. To construct a ROM of ARCHER, we define our
state and control projection maps as π(x) := (x, y) ∈ R2

and ψ(x) := (ẋ, ẏ) ∈ R2, where p = (x, y, z), so that the
idealized reduced-order dynamics are:[

ẋ
ẏ

]
︸︷︷︸
ẏ

=

[
0
0

]
︸︷︷︸
f(y)

+

[
1 0
0 1

]
︸ ︷︷ ︸

g(y)

[
ẋ
ẏ

]
︸︷︷︸
v

+d,

which corresponds to a disturbed single integrator evolving
in the (x, y) plane. The inputs of this ROM are related back
to those of ARCHER using a zero dynamics policy [21],
[30] as an interface while this policy’s associated Lyapunov
function is used as a simulation function to certify adequate
tracking of the ROM. Similar to Example 2, our objective
is to design a controller that avoids a collection of planar
obstacles, each of which is captured by a safe set Ci and
CBF hi as in Example 2. We synthesize a safety-critical
controller for this ROM using the safety filter:

κ(y) := argmin
v∈R2

1
2∥v − κd(y)∥2

s.t. ∇h(y) · v ≥ −αh(y) +
1

ε
∥∇h(y)∥2,

where κd : R2 → R2 is a desired reduced-order input, and
h combines each individual CBF into a single CBF [32].
For our demonstration, κd corresponds to desired velocity
commands given via joystick that attempt to drive the hopper
from one location to another without accounting for safety.
This unsafe velocity is then passed to the above safety filter,
which outputs a safe velocity command for ARCHER that
is tracked by the corresponding interface k. The results of
applying this interface to ARCHER are illustrated in Fig.
3 and Fig. 4. As shown in Fig. 3, the resulting full-order
trajectory is safe – it avoids obstacles at all times as indicated
by the positivity of h(π(x(t))) for all t ≥ 0. The safe
velocity commands generated by the ROM and the velocities
achieved by the full-order system are illustrated in Fig. 4,
where the difference between the true velocities ψ(x) and
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Fig. 3. (Top) Evolution of ARCHER’s position where the yellow cubes
denote the obstacles. (Bottom) Evolution of the ROM’s CBF h along the
trajectory of the full-order system, which remains positive for all time.

0 20 40 60 80 100

− 1
2

0

1
2

t

ẋ
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Fig. 4. Commanded velocities output by the reduced-order safety filter
κ(π(x)) = (ẋsafe, ẏsafe) and the velocities of the full-order system (ẋ, ẏ).

desired velocities κ(π(x)) are bounded per Lemma 1. The
fact that the full-order model cannot track the commanded
velocities exactly is compensated for by using a relatively
small α = 0.4 to satisfy the conditions of Theorem 2.

VI. CONCLUSIONS

We presented a framework for safety-critical control with
CBFs and ROMs in which the relation between full and
reduced-order models is characterized using simulation func-
tions. This paradigm facilitates the use of highly simplified
models for safety-critical control design while still providing
safety guarantees for the original full-order model. Our
theoretical developments were illustrated in both simulation
and via hardware demonstrations on a hopping robot.
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L. Ferranti, “Embedded hierarchical mpc for autonomous navigation,”
arXiv preprint arXiv:2406.11506, 2024.

[9] S. Singh, B. Landry, A. Majumdar, J. J. Slotine, and M. Pavone,
“Robust feedback motion planning via contraction theory,” The In-
ternational Journal of Robotics Research, vol. 42, no. 9, pp. 655–688,
2023.

[10] P. Tabuada, Verification and control of hybrid systems: a symbolic
approach. Spring Science & Business Media, 2009.

[11] C. Belta, B. Yordanov, and E. A. Gol, Formal methods for discrete-
time dynamical systems. Springer, 2017.

[12] G. J. Pappas, G. Lafferriere, and S. Sastry, “Hierarchically consis-
tent control systems,” IEEE Trans. Autom. Control, vol. 45, no. 6,
pp. 1144–1160, 2000.
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